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Abstract

We compute the shadow cast by a charged Morris-Thorne wormhole
when the light source is a star located beyond the mouth which is
opposite to the observer. First, we provide an extensive analysis of the
geodesic properties of the spacetime, both for null and massive particles.
The geometrical properties of this solution are such that independently
of the viewing angle, some light rays always reach the observer. Addi-
tionally, the structure of the images is preserved among the different
values of the charge and scales proportionally to the charge value.
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1 Introduction

Wormbholes are exact solutions of Einstein Field Equations (EFE), which con-
nects two spacetime regions by a throat. The mouths are not hidden by event
horizons, as in the case of black holes, and there are no singularities.
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The first work on what we now call wormhole was published by A. Einstein
and N. Rosen [5] in 1935. They tried to construct a model for an elemen-
tary particle that could be everywhere finite and free of singularities. Though
their particle model was a complete failure, they arrived to the first wormhole
spacetime model that is known as Einstein-Rosen bridge.

Almost twenty years passed until the subject was revived by J.A.Wheeler
[6] in 1955 when he published a work about “geons”. This is the first time that
a wormhole space diagram appears in the scientific literature. Two years later,
C.W. Misner and J.A.Wheeler [7] analyzed the geometry of manifolds with
non-trivial topology with the aim to explain completely all classical physics.
The word “wormhole” is employed for the first time in the context of General
Relativity.

In the seventies, H.G. Ellis introduced[10, 11] a kind of wormhole solution,
called Ellis drainhole; Bronnikov[12] noticed that the solution was free from
event horizons and singularities, geodesically complete and able to be “crossed”
independent of direction!. During the sixties and seventies, there was great
progress in different aspects of General Relativity. However, not much work
was focused on the analysis of Lorentzian wormholes.

The pioneer work of Michael Morris and Kip Thorne [13] on traversable
wormholes, also called Morris-Thorne Wormholes (MTWH), caused a major
revival on the subject. In their famous paper published in 1988, they focused
on the necessary conditions in order to have a wormhole geometry that could
connect two flat asymptotically spacetime regions; these solutions must not
contain horizons or real singularities, and are connected by a “throat” that is
kept open due to presence of exotic matter (matter that violates the energy
conditions) that exerts gravitational repulsion?.

Much has been discovered about these astonishing solutions. Roman,
proposed a mechanism to “inflate” the microscopic wormholes discussed
by Wheeler[15]; Kim has found cosmological traversable wormholes[16], Teo
discovered the rotational version of MTWH[17] and A. Alias proposed a
slowly rotational version of Teo’s rotating metric[18]. Furthermore, Kim also
constructed a form of charged MTWH][19]. A scalar field supporting the
traversable wormhole was introduced by L.Butcher[20] and a few years ago
Lobo, Quinet and Oliveira discovered the deSitter MTWH]21]. Traversable
wormholes have also been studied in alternative theories of gravitation
such as f(R) and f(R,T) gravity[22-34] and in analogue gravity[38]. There
are works on traversable wormholes in cosmology[36, 37], astrophysics [43],
thermodynamics[39, 40, 42] and their shadows were also computed [35].

Though several wormhole solutions have been extensively analyzed during
the years, the first charged transversable wormhole geometry found more than
twenty years ago[19] has barely been investigated. One interesting feature of

!There are two different solutions of the Ellis drainhole, with matter [10] and no matter flow
[11], being the later the simplest. Notice that both Bronnikov and Ellis arrived independently to
these solutions, so these are referred as “Ellis-Bronnikov Wormholes”.

®In 1989, G. Clément [14] demonstrated that the Ellis drainhole is type of a traversable
wormbhole.
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this solution is that the presence of charge allows to minimize the content of
exotic matter at the throat

In this article we analyze various properties of the charged traversable
wormhole solution derived by Kim and Lee[19]. In particular, our main goal is
to compute the shadow of the wormhole, which is relevant from an astrophys-
ical point of view. Though shadow of wormholes were calculated for various
wormhole geometries [50-52], Kim and Lee’s solution has not been explored
in the literature yet.

We first provide a short review of the main properties of the charged
transversable wormhole. Then, by solving the geodesic equations for null par-
ticles, we determine the location of the photon ring (Section 2.1.1). We also
study the trajectories of massive particles (Section 2.3) and in Section 2.3.1
we extend these calculations to a more general charged wormhole geometry.
Finally, we present in Section 3 the images of the shadow of the wormhole when
the light source is a star located beyond the mouth opposite to the observer’s.
We produce images for several values of the charge and viewing angles. The
final section of the article is devoted to the conclusions. Throughout this work,
we employ geometrized units G = ¢ = 1.

2 Charged Traversable Wormbholes

The solution for a charged traversable wormhole was found by Kim and Lee
[19] and was generalized in general relativity and modified gravity [53-55]. The
line element is given by:

2
2 _ Q 2 1 2 2 2 . 2 2
ds®* = <1+ T2>dt +17W)+Q2dr +r?(d6* + sin*(0)d¢®) . (1)

The corresponding components of the energy-momentum tensor® are [19], .

/’I" 2
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3A didactic derivation was presented by Kimet [56]
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Where p(r) is the energy density, o(r) is the tension and p(r) is the pressure.
In the present work, we will focus on the shape function:

_ %

blr) =

()

When @ = 0, the solution describes a neutral traversable wormhole, and
when b(r) = 0 the spacetime geometry corresponds to the massless Reissner-
Norstrém solution.

The throat of the wormhole is located at

1-20 4% —o, (6)

r=+4/b3 — Q% (7)

Notice that the coordinate r is defined in the range r € (—oo, —/b3 — Q2] U

that is

2.1 Geodesics of Charged Traversable Wormholes
2.1.1 Trajectories of photons

We begin by computing the trajectories of null particles. From the line element
(31), the Lagrangian of the charged wormhole is

2

2L = — (1 + %) 2+ 71 bgl o 72+ r26% + r25in2(9)¢.72 , (8)
2 T 2

where the dot is a derivative with respect to the affine parameter \: @ =:

dz®/dA. Since the metric coeflicients are independent of ¢ and ¢, the Killing

vectors of the spacetime are k° = (1,0,0,0) and k* = (0,0,0,1). Therefore,

the constants of motion for ¢ direction and ¢ direction are:

kOUO = 7E7 (9)

KPuz = 0. (10)
where u, = g,,u”. The geodesic equations for ¢ coordinate and ¢ coordinate
now take the simple form

a6 _ o, _ 00, _ FE

d¢ 3 3 33 t
— P = P, = _ , 12
Ty Ty r2sin2(0) (12)



The Shadow of Charged Traversable Wormholes 5

where E and £ are identified with the energy and angular momentum, respec-
tively. The geodesic equations for the r and § components will be calculated
using the Hamilton-Jacobi approach [58] as follows

oS | 1,,05 05

24z = 1
ox 2% Bproar T (13)
or equivalently [58]
oS 08
- w 2220 ), 14
Ftg oz Oxv 0 (14)
We assume the following ansatz for the S function:
1
=5k — Bt 4L+ ST () + 59 (0), (15)

where in the case of null paths, the constant s in both 14 and 15 is set to zero.
Replacing 15 into 14 we obtain

2 2 2 2
08 08 oS oS oS oS
v 99 _ oo 99 1| 99 22 09 33 99 ) _
g Ozt dzV g <3x0> *9 (8;1:1) t9 <8x2> t9 <3x3>

2 2
2 2 2 (r) 0) 2
%4, I,bigjL% M +i2 95 (0) + 5 ?2 =0.
(1+ %) r2 or or r 06 r2sin2(0)

(16)

Multiplying both sides by a r2, the latter equation becomes

2 2
—r2 2 ) 2 Q2 [0S (r) 95 (0) (2
(HQ;)”(l‘rzﬂz o ) T\ ) Teimze Y

The equation can be separated as:

2 2
2702 2 2 () (0) 2
rE? 1_1)724_622 9s(r)\ _ (95909 N .ég K.
(1 + %2) r2 o r or 06 sin2(0)

(18)

where K is the Carter constant [59, 60]. Now we have two equations

2
v @ s (r) _ _ E? K
(1_r3+r2>< ar ) = (1+Q—2) — 2
r . (19)

2
85 () _ 02
( 00 ) =K - sin?(0)
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Using now the relations[58]:

_ oL S (r) B T
Pr= o or b2
11—+
oL 9S8 .
Po = — = (6):7,29’
a0 00
The set of equations in 19 becomes
7 _ E2 K
Tzé = K- si{:QO

The complete set of null geodesic equations is

do 02
240 _
r E K
do_ ¢

d\ T r2sin20

The r and 6 geodesic equations can be rewritten as

where

and

(20)
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An effective potential can be defined as follows

d\ r2 2
dr\2
(ﬁ) + Ve =0, (32)
where Vg is:
b2 Q2
Ve =t — (1 - T—g + TQ>A(T) (33)
Equation 33 implies:
A(r) =0, (34)
and
A'(r)=0. (35)

Condition 34 allows to fix the n parameter

r2

n=—7p7: (36)
1+ %

We derive the radius of the unstable circular photon orbit, rpp, from the
following conditions on the effective potential:

d
T=Tph ’ d’/‘ f

The first derivative reads:

d2
=0

r=ron @%ﬁ‘ < 0 . (37)

T=Tph

Vet

rph Tph 7,22 + 1) ph
2Q% 202 1 n
2 0
o 5 ok 5 | =0 (38)
rph 7nph 2 +1 rph
P

Substitution of 36 into 38 yields:
282 (2% +72,) (~03 + Q> + 12, )

2
Tph <Q2 + T§h>

=0, (39)
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ron = /b2 — Q2. (40)

The radius of the unstable photon orbit therefore is a function of the charge
of the wormholes and the constant by. There is one unstable circular orbit at
each side of the throat. Notice that

whose solution is

by > Q, (41)

which agrees with the condition found in[19].

Notice that the photon orbit coincides with the wormhole’s throat (see Eq.
7).
2.2 The photon ring of a charged traversable wormhole

Here we show how the photon ring is projected in the sky. To that end, we
introduce celestial coordinates that are defined as [60]:

do
= i — rgsinfo— 42
a= lim ( roSin 0dT> , (42)

d6
= I §— 4
f= lim <T0dr> : (43)

where 7 is the position coordinate of the remote observer and 6, the angle of
inclination between the axis of symmetry of the wormhole and the direction
to the far distant observer. Using the geodesic equations, we get

and

2
% _ 2fcsc (9) 7 (44)
"o 1-% 49 Q;H -4
02 nan?
o r2FE\/1 -2 + .
+1

Then, expressions 42 and 43 become

a= lim ( £ csclbo) ) (46)

09— 00 / b2+Q2\/7

= lim ( /= € csc? 90 ) (47)

b2+Q2

70 —>00
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After some algebraic simplifications, we obtain

a = —Eese(by), (48)
1 — &2ese? (o) - (49)
Finally, the photon ring S of the CTW, is the geometrical locus given by
S(a,B) =t a® + 82,. (50)
and , , N2
S(a, ) =n= 1—?}?%2 - _ng S (51)
=

We show in Figure 1 the projection of the photon ring in the sky. We see that
as the value of the charge increases, the size of the photon ring decreases, i.e.
the wormhole becomes more compact.

1.0f — Q=03 __..eeseen 1.0f — Q=04 __.coeeeenl, 1.0f — Q=07 _.eoesonel,
.5
a 0.0 a 0.0 [ a 0.0
] s “ \ 5 =
\ N N
\ S
1.0 SRR “1.0 LT 1ol teeaaaies
1 0.5 0 0 1.0 1 0.5 0 1.0 1 0.5 0 0 1.0
1.0t = Q=08 __.--e-el 1.0t — Q=09 _.oe-e-el 1.0 —Q  .emeseea,

Fig. 1 Photon ring of the CTW for different values of the charge @ and radius by = 1. The
dashed circle corresponds to Q = 0.

2.3 Trajectories of massive neutral particles

Here, we show that the trajectories of massive neutral particles have always a
radial positive acceleration; thus, in absence of additional forces, particles can
only but escape from the wormhole.



10 The Shadow of Charged Traversable Wormholes

The Lagrange equations for ¢ component and ¢ component are

Q%) ;
—<1+r2>t:k, (52)
r?sin?0¢ = h, (53)

where k and h are constants. Since the metric is spherically symmetric, we
can study without loss of generality, the motion of geodesics in the equatorial
plane (6 = 7/2). The equation of motion for the radial component is

7:2 b2_ 2 b2 2 1 2k2
fzgzg%y+0—g+%>3‘92+ﬁ. (54)
7“1_70_1_T2 T T T (1+%2>

r2
In the latter equation, we employ expressions 52 and 53. Since by > @ (this
condition is required in order to maintain the wormhole under the addition of
electric charge[? ]) and

3 2
1-5 -~ >0, (55)

for r > /b3 — Q? (spacetime region outside the throat), the right-hand side of
Eq. (54) is always positive and any massive particle is accelerated in the oppo-
site direction of the wormhole. We see that this charged wormhole geometry
exerts gravitational repulsion on material neutral particles.

We have found that this particular feature is also present in a more general
class of charged wormholes geometries, as we show next.

2.3.1 Generalized charged wormhole geometry

The spacetime metric given by Eq. 1 can be generalized as follows[53]

2 § 2 b(r) @ - 2.2 (102 1 a2 2
ds® = — (1+R(T)+2> dt —|—<1—2—|—2) dr®+r* (d9? + sin® 0dp*)
r r r
(56)
where the function R(r) > 0 to avoid the presence of an event horizon. Addi-

tionally, R(r) should have a continuous derivative. Asymptotic flatness requires
that

ngloo R(r) =0, (57)
lim R'(r) = 0. (58)

r—+00
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From the Euler-Lagrange equations, we compute the radial component of the
equation. It reads,

2090 gy (Cr0sg) e

b(r 2
21—ty 9 r (1+R(r)+Q—f)
(59)
If we assume that* 2
R(r) =b(r) = 2, (60)
then
b(r) V(r) 2Q* 2.,
2 T, 8 = ah @ >0 (61)
b(r) | @ by Q°
AR R S G 2
T2 2,2 >0 (62)
@ _h, @

Consequently, the radial acceleration # > 0: the charged wormhole exerts
gravitational repulsion on free neutral particles.

When we think of accretion processes, gravity plays the role of ‘attracting”
matter in such a way that different structures are formed. In our case, the
wormhole geometry acts as a repellent, impeding the accumulation of matter
and the formation of well-known structures such as accretion disks.

Since the goal of this work is to compute and analyze the properties of
the shadow of this particular wormhole geometry, we need a source of photons
whose trajectories integrated in a region of spacetime will provide the image
or “shadow” seen by an observer at a certain distance. From the present dis-
cussion, it is apparent that the light source could not come form an accretion
disk or some other structure around the wormhole. Instead, we will consider as
the light source a star that is in the other side of the throat, so that observer
and star are in different spacetime regions. The wormhole is orbiting the star.
An observer in the other side of the mouth, in principle, will be able to see
the star. In the next section, we compute the corresponding shadow for this
particular configuration.

3 Wormbhole shadow: the image of a star in the
other side of the throat

We use the code SKYLIGHT [61] to produce the images of the wormhole shadow.
SKYLIGHT is a general-relativistic ray tracing and radiative transfer code for
arbitrary spacetimes and coordinate systems. In particular, we employ the
observer-to-emitter scheme of the code, in which a virtual image plane is set at

4Notice that this particular prescription satisfies the conditions for asymptotic flatness.



12 The Shadow of Charged Traversable Wormholes

the location of the observer, and the spacetime geodesics are traced backwards
in time from the center of each image pixel towards the light source. (See
Fig. 1 of the SKYLIGHT’s reference for clarity.) In the code, the geodesics are
numerically integrated starting from the observer until a halting condition is
met. For this setting, we have two halting conditions: either (a) the geodesic
intersects the emitting surface, or (b) the geodesic goes far enough away to
ensure that it does not intersect the emitting surface. It is worth noticing that
condition (b) might be met in either side of the throat.

Since the star is located in the other side of the throat, we use the ¢-
coordinate® for the numerical integration instead of r. This is because the
former coordinate system is globally regular, while the latter has an apparent
singularity at the wormhole’s throat. In our algorithm, the center of the image
plane (where the observer is located) is at £ = 5000y and ¢ = 0. The 6 coordi-
nate of the center of the image plane is the viewing angle, and we let it take
different values. In what follows, we denote the viewing angle £. In this work,
we model the surface of the star as the locus of the following equations:

(x—x.)* +9y° 4+ 22 = R?, (65)
(<0, (66)

where
x=r(¢)sinfcos¢, (67)
y=r({)sinfsing, (68)
z=r(l)cosb, (69)

and

z. =1(l), (70)
l, = —10bg, (71)
R = 5bg. (72)

Here, R is a parameter of the model related to the surface of the star.

We assume the star has a uniform superficial temperature. Only those rays
which intersect the surface contribute to the image. The observed bolometric
flux at each of these pixels is

F=(1+2)%pT*, (73)

where z is the redshift of the ray along its path between the observer and the
source, o is the Stefan-Boltzmann constant, and T is the temperature of the

5The coordinate is defined as

_1
Z(r):i/r (1—”%”) S0 (64)
0
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star. In Fig.2, we show a set of bolometric images for three different values of
the charge /by = 0.2, 0.5, 0.99, and viewing angles, £ = 5°, 45°, 90°. In the
plots, a and [ are rectangular coordinates over the image plane.

We first notice that light rays emitted from the star reach the observer
independently of the viewing angle, even in the case where the observer is
located almost on the z-axis (§ = 5°). When the observer and the star are
perfectly aligned (£ = 90°), we can clearly identify two disconnected images:
a primary image, composed by light rays that cross the throat and reach the
observer directly; and a secondary image, corresponding to light rays which
pass almost tangent to the throat surface. Since the throat is a null surface,
light rays almost tangent to it are subject to extreme gravitational deflection.
The secondary image is the Einstein ring.

To illustrate the apparent location of the throat as seen by the observer,
in Fig.3 we classify the behavior of light rays according to their state after a
halting condition for the numerical integration is met: a) the region in cyan
corresponds to those rays that intersect the surface of the star, b) in light
brown, those rays which go to infinity on the same asymptotic side as the
observer, and (c¢) in dark brown, those rays which go to infinity on the other
asymptotic side (i.e. after traversing the wormhole). These plots allow us to
identify the profile of the wormhole’s throat (the Einstein ring for £ = 90°)
as the boundary between the light and dark brown regions. The results here
obtained are in agreement with the detailed analysis by Rajbul et al. [62]; they
computed the strong gravitational lensing by generic spherically symmetric
static wormholes taking into account the case where the photon ring coincides
with the throat and the light source is on the opposite side of the observer.

We have also found that the apparent size of the throat decreases when
the spacetime charge increases, which is consistent with the results described
in the previous sections; furthermore, the structure of the images is preserved
among the different values of the charge, even though the wormhole throat
shrinks. This happens despite the fact that the “physical” size of the star is
the same size in all cases. When the observer is on the z-axis, our “Euclidean”
intuition could deceive us and let us think that we should not receive any light
rays from the star. However, the wormhole geometry deflects photons in such
a way that some of them are able to reach the observer.

The images here presented bear some similarities (and also some differ-
ences) with those of some gravastars® models. Sakai and coworkers [63] (see also
the work by Kubo and Sakai[64]) computed the shadow of a gravastar model
developed by Visser and Wilshire [65] assuming that the surface of the gravas-
tar is electromagnetically transparent. They consider a star rotating around
the gravastar.

When the star is behind the gravastar, as seen by a given observer, the
image produced is composed by a small disk and arcs around it, as in this
work. Notice that the disk would be absent if the central object were a black

SGravastars are supercompact objects which result from the gravitational collapse of stars.
Their external geometry is that of a black hole but they lack event horizons. These models are
also singularity free.
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£=5°Q =02, £=45°,Q = 0.2b, £=90°,Q = 0.2,

— 8.625 e 8.625
= 0 1

£=45°,Q =0.5h £=90°,Q = 0.5

-1 0 1

£=5°,Q = 0.99, €= 45°,Q = 0.99b, £=90°,Q = 0.99,
.0

0.030

0.015 i "

0.000 i " "’
—0.015 ‘ ‘ ‘
—0.030 8 - )

—0.02 0.00 0.02 —0.02 0.00 0.02 —0.02 0.00 0.02

B/bo

Fig. 2 Bolometric images of a star of uniform temperature in the opposite side of a worm-
hole’s throat, for charges Q/bg = 0.2, 0.5, 0.99, and viewing angles §& = 5°, 45°, 90°. o and
B are rectangular coordinates over the image plane. The units of flux are arbitrary (as is the
temperature of the star).

hole. The external geometry of this particular gravastar is the Schwarzschild
metric, so the image has an additional set of outer light arcs that are produced
by those photons that do not penetrate inside the gravastar. Naturally, this
feature is absent in the charged wormhole shadow. Though wormholes and
gravastars represent completely different geometries, their shadows look quite
alike since both lack event horizons and singularities.

4 Conclusion

In this work we have made a comprehensive analysis of the properties of
a charged wormhole spacetime [19]. In particular, we have focused on a
traversable wormhole solution with a shape function given by b(r) = b3 /r. We
have computed the spacetime geodesic equations for null particles and deter-
mined that there is just one equatorial circular photon orbit, which is unstable,
and is located at the throat. We have found that the radius of the photon ring
decreases when the value of the charge increases.
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£=5 Q=02 £=145°,Q = 0.2, £ = 00°, Q = 0.2,

/by

-1 0 1 & 0

afby a/by afby
Fig. 3 State of the light rays after numerical integration for charge @ = 0.2bg and viewing
angles £ = 5°, 45°, 90°. The color is set as follows: a) in cyan, rays that intersect the surface
of the star, b) in light brown, rays which go to infinity on the same asymptotic side as the
observer, and (c) in dark brown, rays that cross the wormhole’s throat and go to infinity in
the opposite side of the observer, i.e. on the same side as the star. @ and S are rectangular
coordinates over the image plane.

We also computed the equation of motion for time-like trajectories and
found out that the charged wormhole exerts gravitational repulsion on free
neutral particles, i.e. the radial acceleration of these particles is always pos-
itive. Even for more general charged wormhole geometries, this feature is
also present. Consequently, it is not possible, in principle, the formation of
structures by accretion processes around the wormhole.

Given these constraints, a possible scenario where an observer could detect
the shadow of the wormhole is assuming that the wormhole is orbiting a star
which is located in the opposite mouth of the observer. Some light rays from
the star will go through the throat and, depending on their impact parameter,
will reach the observer.

We obtained the images of the wormhole shadow by using SKYLIGHT, a
general-relativistic ray tracing and radiative transfer code for arbitrary space-
times and coordinate systems that was developed by Pelle and collaborators
[61]. The most relevant features we encountered are: light rays from the star
reach the observer for all viewing angles; in all cases, a secondary image is vis-
ible due to light rays that pass almost tangent to the throat, which is a null
surface; when the observer and the star are perfectly aligned, an Einstein ring
forms at the apparent location of the throat. In accordance with our previous
analysis, when the charge increases the size of the apparent size of the throat
decreases and the size of the image scales proportionally. The structure of the
image depends only on the viewing angle but not on the charge.

This work is a first step towards more realistic models for the computation
of the shadow of the charged wormhole. For instance, the star could have a
non-uniform intensity profile that includes “limb darking” effects. We shall
explore these issues in future works.
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